Introduction
The motion of electrons in a crystal is governed by complex physical laws so that accurate models are required to achieve correct results. The drift-diffusion model has been widely used in the past, and it has provided a good description of relevant physical mechanisms. In modern devices, whose sizes are in the submicron range, non-equilibrium effects play an important role and are not adequately modeled by the drift-diffusion approach. Since in many processes a more accurate description than the hydrodynamical setting is required, Boltzmann equation or Monte Carlo simulations are employed. A fully kinetic treatment of carrier dynamics guarantees accurate results but requires very expensive numerical procedures in order to solve realistic problems.
To reduce the complexity of the use of the full Boltzmann equation, many authors (see ref. [1] and references therein) have introduced simpler models, assuming particular forms for the probability density function. The aim is to yield results, which are more accurate than those obtained by hydrodynamical models but less expensive than direct particle simulations or numerical treatment of the Boltzmann equation.
In this framework, a well-known model is derived using a spherical-harmonics expansion [2] , [3] , [4] , [5] from the Boltzmann equation.
The paper is organized as follows. In Sec. 2, we introduce the Boltzmann Equation. The collisional operator takes into account the interactions between electrons and phonons, i.e. vibrations of the lattice. This is assumed to be in thermal equilibrium. A set of kinetic equations is derived in Sec. 3. These are obtained for a general expression of the microscopic kinetic energy, so that, for example, they can be used also for non-parabolic bands. The equations are of partial differential and difference type. Equations are specialized in Sec. 4 in the parabolic band approximation, and is Sec. 5, where the Kane band model is assumed. In both cases we show that the equations are equivalent to those obtained in the spherical harmonics framework.
In Sec. 6 we write the equations in the stationary and homogeneous case. The rest of the paper is devoted to the study of these equations. In Sec. 7 an asymptotic equation, valid for large value of the electric field, is found and analyzed; the explicit solution is found. In Sec. 8 we discuss some difficulties related to the infinite energy range and we propose a suitable solution by introducing a cut in the scattering rate of the collisional operator. The numerical scheme to solve the equations is presented in Sec. 9, and the results are shown in the last section.
Throughout the paper, boldface and lightface symbols denote vectors and scalar quantities respectively.
Basic equations
We consider an electron gas, which moves in a lattice, subjects to an external electric field E. This can be applied or related, by Poisson equation, to the density of the gas. For the electron gas in a semiconductor device the Boltzmann equation [1] , [3] writes ∂f ∂t
where the unknown function f (t, x, k) represents the probability of finding an electron at the position x ∈ R 3 , with the wave-vector k ∈ R 3 , at time t. The parameters h and e are the Planck constant divided by 2π and the positive electric charge, respectively. The symbol ∇ k stands for the gradient with respect to the variables k and ∇ x that with respect to the space coordinates x. The particle energy ε is an assigned nonnegative continuous function, defined on R 3 , of the wave-vector k. Here we assume that the low-density approximation holds, so that Q is linear in f . If
is the sum of the scattering kernels, which describe the nature of the inelastic collisions (for example, electron-polar or non-polar optical phonon scattering), and K 0 (k,k) is the kernel for the elastic collisions (for example, electron-impurity scattering), then the collisional operator writes [2] , [3] , [6] Q(f ) = (n q + 1)
Often, in the following we omit to write explicitly that f depends also on t and x, whereas we do not operate with these variables.
The constant quantity n q represents the thermal-equilibrium number of phonons and is given by
where k B is the Boltzmann constant and T L is the constant lattice temperature.
The symbol δ(ε(k)−ε(k)±hω) means the composition of the real-valued function ε(k) − ε(k) ±hω and the Dirac distribution δ. Since the function ε may have many different expressions, it is not possible in general, by using a unique explicit technique, to transform each of the integral operators (3) in equivalent operators without Dirac distributions. Therefore, we shall maintain the original form of (3) in the following.
As usual, due to the isotropy of phase-space, the kernels K(k,k) and K 0 (k,k) are symmetric with respect to the wave-vectors k andk. Moreover, since the kernels are scalar, they depend on k andk only through the scalar quantities ε(k), ε(k) and k ·k. This implies in particular that the collision frequency ν depends on k only through the variable ε.
Energy-kinetic equations
In the framework of the Boltzmann equation for a perfect gas, a classical procedure, due to Grad [7] , to reduce the dimension of the space of the independent coordinates, is the moment method. It consists in expanding the ratio between the probability density f and a local maxwellian function. Inserting this expansion in the Boltzmann equation, an infinite sequence of differential equations are obtained. In general no finite set of equations is uncoupled from the rest of the system. To obtain a determined system up to certain order m (usually 13) only m equation are considered and the coefficients of the expansion of higher order are assumed negligible.
In order to obtain a new set of equations, where the unknown functions depend on the space-time coordinates and the microscopic kinetic energy, we follow the scheme analyzed in [8] . This scheme partially recalls the moment method.
If P(k) is a polynomial and u a real variable, we multiply the Boltzmann equation (1) by P(k)δ(ε(k) − u) and then formally integrate with respect to the variable k over the whole space R 3 . It is possible to show [8] that the following equation can be derived:
Here the molecular velocity is defined by means of the formula
For any choice of the function P(k) a new equation is obtained. As it happens for the moment method, each equation contains, except for particular cases [9] , [10] at least two unknown functions. For example, if we choose P(k) ≡ 1, then the left hand side of eq. (5) contains in general the following unknowns
The scalar quantity N(t, x, u) is the probability density function to find an electron with energy u at time t and position x. The function N is non-negative, because the probability density f is always non-negative. We note that the presence of the delta-function implies that N and V vanish for all (t, x, u) such that
If the function N is known, then we can obtain all the hydrodynamical scalars. For example, to find the hydrodynamical density ρ(t, x), it is sufficient to integrate N with respect to all values of energy u; i.e.
The physical meaning of the other quantity V(t, x, u) can be understood with a similar argument.
In the rest of this article we assume the function ε(k) to be even (i.e. ε(k) = ε(−k)) and the kernels K and K 0 to depend only on ε(k) and ε(k). The first hypothesis is verified for the most common models used in the numerical simulations.
The second are introduced in order to simplify the treatment of the equations. Let
Then eqs. (3)- (4) become
is the density of states.
We are interested in deducing two equations in the only variables N and V.
By choosing P(k) ≡ 1 and P(k) = v(k) eqs. (5), (9) and (10) give the following
where
Also the tensor ∆ ij is symmetric, due to eq. (5). We note that the effects of the elastic collisions, through the kernel K 0 , disappear in the operator G(N).
The set of eqs. (11)- (12) contains N and V but also two tensors ∆ ij and Π ij . Therefore, except in the case of spatially homogeneous solutions with null electric field, we need to assume some relations (usually called constitutive equations in the thermodynamic framework), which link ∆ ij and Π ij with N and V. These relations should also depend on the form of the microscopic kinetic energy ε.
We feel that at this stage it would be worthwhile to make a simple observation.
We note that the linearity of the Boltzmann equation (1) is maintained in eqs. (11)- (12) . To maintain this feature, we suggest to assume constitutive relations of the kind
where the symmetric tensors p ij and d ij and the vectors p i and d i must be determined. In the next sections we propose a simple choice in the cases of the parabolic and non-parabolic band approximation.
The parabolic case
The simplest and widely used expression for the microscopic kinetic energy [11] is
where m * is the value of the effective electron mass in the parabolic mass approximation. In this case the tensor ∆ ij reduces to
where δ ij is the Kroneker symbol; so that no further assumption on eq. (18) is required. The tensor Π ij is determined by assuming that (17) holds with p i (u) ≡ 0 and moreover that the constitutive relation is exact if f depends on k only through the variable ε. For f (t, x, k) =f(t, x, ε(k)), we have
Now, it is easy to verify that
where θ is the Heaviside step function. Then, for every u ≥ 0,
Hence, eq. (12) becomes
In the following the functions N and V will be the unknowns, which must satisfy eqs. (11) and (21). It is evident that the knowledge of these quantities cannot provide the probability density f uniquely. Also, it is very hard to prove that, if N and V, at the initial time, derive from a probability density f , there exists a non-negative probability density, which gives N and V for all times.
Actually the situation is similar to that of the moments in the hydrodynamical equations derived by the Grad method. Here usually, not even for the initial data, the existence of a probability density, which gives all the moments occurring in the equations, is considered. Therefore, we limit to assuming only the simple conditions that N is nonnegative and both the variables N and V vanish as u ≤ 0.
We note that these unknowns are simply related to the first two terms of the spherical harmonic expansion of the distribution function
It is a simple matter to show that
The corresponding equations for f 0 and f 1 (see ref. [12] ) coincide with our eqs. (11) and (21). This is a consequence of the choice on the approximation of the tensor Π ij . It is evident that different choices give different sets of equations. In this paper we do not investigate this possibility.
Similar equations were proposed by Hänsch in ref. [13] in the framework of quantum kinetic transport. Also in that case a problem of equating the number of equations and unknowns arose. It was solved by simple physical arguments, but the equations are different from eqs. (11)-(21).
The non-parabolic band approximation
For large values of electron energy eq. (19) is not adequate. The following suitable expression was given by Kane [4] , [11] :
where α k is a constant. Now, it is simple to verify that
So eq. (11) (18) hold if f depends on k only through ε. In the same manner we can see that that
Therefore eq. (12) becomes
Also in this case the equations for N and V are equivalent to those obtained by means of the spherical harmonics expansion [12] . For α k = 0 we recover eq. (21).
Homogeneous solutions with constant electric field
We consider equations (11) and (24), and we look for a solution depending only on u. Since in this case the electric field must be a constant vector, we choose the reference frame so that only the first component of E is different from zero. As a consequence the only significant component of V is the first. We limit to assume constant kernels K and K 0 . This fact holds when a homogeneous, intrinsic silicon at room temperature is considered.
It is useful to introduce dimensionless variables. Let be
It is a simple matter that the following equations can be obtained
As previously mentioned, we recall that we assume the conditions
We note that in this case eq. (26) It is important to note that the conservation of particle number holds for the system (25)-(26). In fact, from eq. (25) it is easy to verify that 
Asymptotic equations
A simple approximate solution of the previous problem can be obtained in the parabolic band case. We introduce a new variable ψ defined by
Then, taking into account that nowα = 0, eqs. (25)-(26) become
where (z) + = max{z, 0}.
We look for asymptotic equations of system (34)-(34) for large values of the energy w. To this scope we expand the coefficients of the equations up to the zeroth order (for example √ w + α ≃ √ w). We obtain a new set of equations In Appendix A, we prove that this equation admits only two solutions: λ = 0 and λ ∈ (−1, 0). We give also a simple approximation forλ.
By means of this solution of eq. (37), we get the original quantities
where c is a positive constant, in order to satisfy the condition (31). Despite this solution is obtained for large values of w it often agrees with the numerical results (which we present in next section) in the whole range of w.
In the limit case ζ = 0 (no electric field)λ = −1 and the solution of (37) gives the correct function N obtained from the equilibrium maxwellian distribution function [10] .
For high electric fields approximate solutions are known (see [2] , [4] for example).
These are obtained by means of an asymptotic expansion of the original differentialdifference equations, which are transformed in simple ordinary differential equations and are explicitly solved. Our solution, obtained by the asymptotic equation, is different with respect to the previous ones, because we do not approximate the difference terms f 0 (ǫ ±hω) (ω is the constant optical phonon frequency), appearing in the equations, using Taylor formula. In fact the asymptotic equation remains of differential-difference type.
We are interested in calculating the hydrodynamical velocity of electrons
By a simple calculation, it is possible to verify that, using (39), the following value is obtained
If we use the approximate value (see Appendix A) ofλ, we obtain the saturation
.
Finite energy model
The difficulties to solve numerically eqs. (25)-(26) are given by the deviating arguments in the right side of equations and by the infinite interval for the variable w.
The first suggests to use a difference scheme to discretize the equations with the constraint that the step ∆w be such that α ∆w is an integer. The second difficulty is solved by considering a finite interval for the variable w. This truncation must be made carefully. To explain this aspect of the problem, we recall that we are looking for a solution which describes the no-runaway phenomena. It is a particular configuration of the gas, where the applied electric field is balanced by the effect of the collisions with the background. In other words, the energy that an electron receives from the external electric field is transferred to the phonons so that a spatial homogeneous and static configuration is maintained.
In order to find this solution also in the case of a finite range for the energy w,
we introduce a cut in the kernels K and K 0 . Let us choose a positive integerN . Put 
These kernels imply that a particle has zero probability of collision in the following two cases:
• the particle before the collision has an energy less than M, but after it should have an energy equal or greater than M;
• the particle before the collision has an energy equal or greater than M. (11), (21). For time-depending solutions, the new kernels and the condition v(αN) = 0 imply that a particle with initial energy less than M will have, for all time, energy less than M. For the same reason particles having energy greater than M will have, for all time, energy greater than M. Then, the total number of the particles having energy less than M will be constant in time. Different choices can violate the conservation of the particle number for electrons having energy less than M. In these cases the number of particles having energy less than M could tend to zero or to infinity.
Using the new kernels eqs. (25)-(26) are substituted by the following
−ζ dv dw = A(n)(w) (40) ζ − d dw (r(w) n) + q(w)n = −B(v)(w),(41)
Numerical solutions
In order to discretize eqs. (40)- (41), we fix the step ∆w and consider in the interval (n i+1 + n i ) > 0. (48) Equations (47) 
Numerical results and conclusion
We are interested into solve eqs. (40)- (41) 
Here, m e denotes the electron rest mass. Using these parameters, we get α ≃ 2.437 and β ≃ 5.986. The values for the electric field are |E| = 10 3 , 10 4 and 10 5 Vcm −1 .
Except for low electric field there is a great difference between P (parabolic) and NP (non-parabolic) band. In fig. 1 we plot the velocity versus the electric field, obtained fig. 2 the quantity N(u), both for P and NP approximation, is shown for a low value of the electric field. Nevertheless a small range of the energy 0 − 4hω is sufficient to contain almost all the electrons, the numerical results for P case agree with the asymptotic solution. This is due to the fact that for a small values of the electric fieldλ → −1. The quantity V 1 (u) is shown in fig. 3 . Here the asymptotic solution is given by the formula
This choice is not coherent with the expansion, but it allows a better agreement with the numerical solutions of P case and it puts in evidence a discontinuity in the derivative at the point w = α ⇐⇒ u =hω, due to the term √ w − α. This square root is also present in the complete set of equations (25) When the electric field is high (figs. 6 and 7) very small variations are observable.
This agreement was reasonable for large values of u. In the other cases this is due to the number of particles having low energy which is enough small with respect to that of the whole gas.
The last figures show a quite surprising result in the parabolic case. We have used the same value of the electric field E as in fig. 6 and 7. Here, a small value ofN is used. The density N agrees with the asymptotic solutions. The quantity V 1 subject to the boundary condition V 1 (Nα) = 0, follows the asymptotic solutions almost to the end of the interval.
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Appendix A
The function
for ζ ≥ 0 is convex, because η ′′ (λ) ≥ 0 for every real λ. A second order algebraic equations follows
For ζ ≫ 1 we getλ 
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